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1 Gluon reggeization

Figure 1: Elastic amplitude in the Regge kinematicsM = 2s g T cA0A ��A0�A s!(t)t g T cB0B ��B0�B ; !LLA(�jqj2) = ��sNc2� ln jq2j�2



Figure 2: Multi-Regge amplitudeM2!1+n � s!11jq1j2 gT d1c2c1C(q2; q1) s!22jq2j2 :::C(qn; qn�1) s!nnjqnj2 ;C(q2; q1) = q2 q�1q�2 � q�1 ; �t =Xn Z d�n jM2!1+nj2



2 BFKL equation (1975)Balitsky-Fadin-Kuraev-Lipatov equationE	(~�1; ~�2) = H12	(~�1; ~�2) ; �t � s� ; � = ��sNc2� EBFKL HamiltonianH12 = ln jp1p2j2 + 1p1p�2 (ln j�12j2)p1p�2 + 1p�1p2 (ln j�12j2)p�1p2 � 4 (1)M�obius invariance and conformal weights (L. (1986))�k ! a�k + bc�k + d ; m = 
 + n=2 ; em = 
 � n=2 ; 
 = 1=2 + i�Pomeron energy and interceptELLA(m; em) = �(m) + �(em) ; �(m) =  (m) +  (1�m)� 2 (1) ;�LLA = 4�� Nc > 0



3 BKP equation (1980)Bartels-Kwiecinski-Praszalowicz equationE	(~�1; :::; ~�n) = H 	(~�1; :::; ~�n) ; H =Xk<l ~Tk ~Tl�Nc HklHolomorphic separability at large Nc (L. (1988))H = 12 (h+ h�) ; [h; h�] = 0 ; h = nXk=1hk;k+1 ;h12 = ln p1 + ln p2 + 1p1 (ln �12) p1 + 1p2 (ln �12) p2 � 2 (1)Holomorphic factorization of wave functions	(~�1; ~�2; :::; ~�n) =Xr;s ar;s	r(�1; :::; �n)	s(��1; :::; ��n)



4 Integrability at Nc !1 (L. (1993))Monodromy and transfer matricest(u) = L1(u)L2(u):::Ln(u) = 0@ A(u) B(u)C(u) D(u) 1A ; T (u) = A(u) +D(u) ;[T (u); T (v)] = [T (u); h] = 0 ; Lk(u) = 0@ u+ �k pk pk��2k pk u� �k pk 1AYang-Baxter equationts1r01 (u) ts2r02 (v) lr01r02r1r2 (v � u) = ls1s2s01s02 (v � u) ts02r2 (v) ts01r1 (u) ; ^l = u ^1 + i ^PDuality symmetry (L. (1999))pr ! �r+1;r ! pr+1Integrable Heisenberg spin chain (L. (1994); F.,K. (1995))



5 Pomeron in N = 4 SUSYBFKL kernel in two loops (F., L. (1998))! = 4 ^a �(n; 
) + 4 ^a2�(n; 
) ; ^a = g2Nc=(16�2) ;Hermitian separability in N = 4 SUSY (K.,L. (2000))�(n; 
) = �(M) + �(M�)� �(M) + �(M�)2^a=! ; M = 
 + jnj2 ;�(M) = �0(M) + 12�(2) ; �0(z) = 14"	0�z + 12 ��	0�z2�#Maximal transcendentality (K.,L. (2002))�(M) = 3�(3) + 	00(M) � 2�(M) + 2�0(M)�	(1)�	(M)�;�(M) = 1Xk=0 (�1)kk +M �	0(k + 1) � 	(k + 1)�	(1)k +M �



6 Maximal helicity violationBDS amplitudes in N = 4 SUSY at Nc � 1 (2005)Aa1;:::;an = Xfi1;:::;ingTr T ai1T ai2 :::T ain f(pi1 ; pi2 ; :::; pin ) ; f = fBMnInvariant amplitudeslnMn = 1Xl=1 al f (l)(�)  � 12�2 nXi=1 � �2�si;i+1�� + F (1)n (0)!+ C(l)! ;a = �Nc2� �4�e�
�� ; C(1) = 0 ; C(2) = ��22=2 ; f (l)(�) = 2Xk=0 �k f (1)kCusp anomalous dimensionf (l)0 = 14
(l)K ; f1 = �(f) = �a�3=2 + a2(2�5 + 5�2�3=3) + :::



7 Elastic BDS amplitudeRegge asymptotics at s=t!1M2!2 = �(t) ��s�2 �!(t) �(t) ; a = g2Nc8�2 �4� e�
��Reggeized gluon trajectory!(t) = �
K(a)4 ln �t�2 + Z a0 da0a0 �
K(a0)4� + �(a0)�Reggeon residuesln �(t) = ln �t�2 Z a0 da0a0 �
K(a0)8� + �(a0)2 �+ C(a)2 + 
K(a)2 �2�Z a0 da0a0 ln aa0 �
K(a0)4�2 + �(a0)� + �(a0)�



8 One particle production

ln ��=s1s2=s = �12 �!(t1) + !(t2)� Z a0 da0a0 �
K(a0)4� + �(a0)�� ln ���2 �
K(a)16 �ln2 ���2 � ln2 �t1�t2 � �2��12 Z a0 da0a0 ln aa0 �
K(a0)4�2 + �(a0)� + �(a0)�



9 Regge factorization violation

M2!4js2>0; s1;s3<0 = exp "
K(a)4 i�  ln t1t2(~k1 + ~k2)2�2 � 1�!#��(t1)��s1�2 �!(t1) �(t2; t1)��s2�2 �!(t2) �(t3; t2)��s3�2 �!(t3) �(t3)



10 Mandelstam cuts in j2-plane

Figure 3: BFKL ladders in M2!4 and M3!3



11 Multi-gluon reggeon statesRegge trajectories of the octet composite states�n = �a��+ �� + ln t�2 � 1��Holomorphic hamiltonian for n-gluon composite statesh = ln(Z21@1)�2 (1)+ln @n�1+n�2Xk=1 hk;k+1 ; pk = Zk�1;k ; Z0 = 0 ; Zn =1Pair hamiltonian of the spin chainh1;2 = ln(Z212@1) + ln(Z212@2)� 2 lnZ12 � 2 (1)Integrals of motion and Baxter equation for the open spin chain[D(u); h] = 0 ; D(u)Q(u) = (u� i)n�1Q(u� i)



12 Two and three gluon composite statesTwo gluon eigenfunctions and eigenvalues	n;� = �p1p2�i�+n=2 �p�1p�2�i��n=2 ; En;� = 2Re (i� + jnj2 )� 2 (1)Baxter-Sklyanin representation for 3-gluon state	t(~p1; ~p2) = P�a1�a2 (P �)�ea1�ea2 Z d�Xn u euQ(u; eu)�p1p2�u �p�1p�2�u�Baxter functionQ(u; eu) = �(�u) �(�eu)�(1 + u) �(1 + eu) �(u� a1) �(u� a2)�(1� eu+ ea1) �(1� eu+ ea2) ; u = i� + n2Wave function in the coordinate representation	 = Za1+a22 (Z�2 )ea1+ea2 Z d2yjyj2 y�a2 (y�)ea2 � y � 1y � Z2=Z1�a1 � y� � 1y� � Z�2=Z�1 �ea1



13 Anomalous dimensionsWilson twist-2 operatorsOg�1;:::;�j = ^SGa��1D�2D�3 :::D�j�1Ga��j ;~Og�1;:::;�j = ^SGa��1D�2D�3 :::D�j�1 ~Ga��j ;Oq�1;:::;�j = ^S �	a
�1D�2 :::D�j	a ;~Oq�1;:::;�j = ^S �	a
5
�1D�2 :::D�j	a ;O'�1;:::;�j = ^S ��aD�1D�2 :::D�j�aDiagonalization of 
 in the Born Approximation8S1(j � 2) 0 00 8S1(j) 00 0 8S1(j + 2) ; 8S1(j � 1) 00 8S1(j + 1)



14 Universal anomalous dimensionMost transcendental functions (A.K.,L.L. (2000))
uni(j) = ^a
(0)uni(j) + ^a2
(1)uni(j) + ^a3
(2)uni(j) + ::: ;
(1)uni(j + 2)=8 = 2S1(j) �S2(j) + S�2(j)�� 2S�2;1(j) + S3(j)
(2)uni(j+2)=32 = �12 (S�3;1;1 + S�2;1;2 + S�2;2;1)�3S�5�2S3 S�2�S5+6 (S�4;1 + S�3;2 + S�2;3)� 2S21 (3S�3 + S3 � 2S�2;1)�S2 (S�3 + S3 � 2S�2;1)� S1 �8S�4 + S2�2 + 4S2S�2 + 2S22�+24S�2;1;1;1 � S1 (3S4 � 12S�3;1 � 10S�2;2 + 16S�2;1;1)Harmonic sumsSa;b;c;���(j) = jXm=1 1ma Sb;c;���(m) ; ; S�a;b;c���(j) = jXm=1 (�1)mma Sb;c;���(m)�



Comparison with other approaches (A.K.,L.L.,A.O.,V.V.)Singularities at j = 1 + ! ! 0
N=4uni (j) = ^a 4! � 32�3 ^a2 + 32�3 ^a3 1! + :::DL resummation at j + 2r = ! ! 0
uni = 4 ^a! + 
2uni!Anomalous dimensions at large j
uni = a(z) ln j ; z = �Nc� = 4^aPerturbative resultsa = �z + �212 z2 � 11720�4z3 + :::



Polyakov AdS/CFT predictionlimz!1 a = �z1=2 + 3 ln 24� + :::Resummationea = �z + �212 ea2 = �z + �212 z2 � 172�4z3 + :::



15 Discussion1. Gluon reggeization.2. Integrability of BFKL dynamics in LLA.3. Remarkable properties of NLLA in N = 4 SUSY.4. BDS amplitudes in the multi-Regge kinematics.5. Breakdown of the Regge factorization.6. Mandelstam cuts in the planar amplitudes Mn for n > 5.7. Integrable open spin chain for scattering amplitudes.


