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Âàðèàöèîííûé ìåòîä â ðåëÿòèâèñòñêîé êâàíòîâîé
ìåõàíèêè

Ïîëíîãî íàáîðà êîììóòèðóþùèõ îïåðàòîðîâ:

M̂I , Ĵ
2, Ĵ3, ~̂P . (1)

Â ìãíîâåííîé ôîðìå äèíàìèêè îïåðàòîðû Ĵ2, Ĵ3, ~̂P ñîâïàäàþò
ñ ñîîòâåòñòâóþùèìè îïåðàòîðàìè ñèñòåìû áåç
âçàèìîäåéñòâèÿ, ïîýòîìó èõ äèàãîíàëèçàöèÿ ñâîäèòñÿ ê âûáîðó
ïîäõîäÿùåãî áàçèñà.

M̂I = M̂0 + V̂ , (2)

ãäå M̂0 - îïåðàòîð èíâàðèàíòíîé ìàññû ñèñòåìû áåç
âçàèìîäåéñòâèÿ, V̂ - îïåðàòîð âçàèìîäåéñòâèÿ.
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Óñëîâèÿ íàëàãàåìûå íà îïåðàòîð ìàññû:

M̂I = M̂+
0 , M̂I > 0; (3)

[~̂P, V̂ ] = [~̂J, V̂ ] = [ ~̂∇P , V̂ ] = 0. (4)
M̂I |ψ(1, 2, 3)〉 ≡ (M̂0 + V̂ )|ψ(1, 2, 3)〉 = λ|ψ(1, 2, 3)〉. (5)

ãäå λ - ñîáñòâåííîå çíà÷åíèå îïåðàòîðà ìàññû.

|ψ(1, 2, 3)〉 =
∑

µ

Cµ|ψµ〉, (6)

ãäå |ψµ〉 - ïîäõîäÿùèé íàáîð ïðîáíûõ âåêòîðîâ, µ -
ìóëüòèèíäåêñ ñóììèðîâàíèÿ, Cµ - ïàðàìåòð âàðüèðîâàíèÿ.

δc〈ψ(1, 2, 3)|M̂I |ψ(1, 2, 3)〉 = 0. (7)
∑

µ′
〈ψµ|M̂I |ψµ′〉Cµ′ = 0. (8)
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Ïîñòðîåíèå áàçèñà

|~p1,m1;~p2, m2;~p3, m3〉 = |~p1, m1〉 ⊗ |~p2,m2〉 ⊗ |~p3,m3〉 , (9)

〈~p1
′,m′

1;~p2
′, m′

2;~p3
′, m′

3〉|~p1, m1;~p2,m2;~p3, m3〉 =

= 2p102p202p30δ(~p1 − ~p ′1)δ(~p2 − ~p ′2)δ(~p3 − ~p ′3)δm1m′1δm2m′2δm3m′3 .
(10)

|~P;~k1, ~k2, m1, m2, m3〉, (11)
〈~P ′, ~k ′1, ~k ′2,m′

1, m
′
2, m

′
3〉|~P , ~k1, ~k2,m1, m2, m3〉 =

= N2
12P0δ(~P−~P ′)2µ1(k1)δ(~k1−~k ′1)2µ2(k2)δ(~k2−~k ′2)δm1m′1δm2m′2δm3m′3 ,

(12)
µi (ki ) - ðåëÿòèâèñòñêèå ïðèâåäåííûå ìàññû äâóõ ÷àñòèö:

µ(k) =
p̃i0p̃j0

p̃i0 + p̃j0
=

p̃i0p̃j0

M
. (13)
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|~P, mJ ; k1, k2, L, S , J, (L, S , J)2〉 . (14)
〈~P ′,m′

J ; k
′
1, k

′
2, L

′, S ′, J ′, (L′,S ′, J ′)2|~P, mJ ; k1, k2, L, S , J, (L, S , J)2〉 =

= N2
12P0δ(~P − ~P ′)2µ1(k1)

1

k2
1

δ(k1 − k ′1)2µ2(k2)
1

k2
2

δ(k2 − k ′2)

δmJm
′
J
δS ′SδL′LδL′2L2

δS ′2S2
δJ′JδJ′2J2

. (15)

|~P, ~k1, ~k2, m1, m2, m3〉 = U(LP)|~k1, ~k2,m1, m2, m3〉 =

N1

∑

m′1,m
′
2,m

′
3

|~p1,m1;~p2, m2;~p3,m3〉Ds1
m1
′m1

(Pp1)D
s2
m2
′m2

(Pp2)D
s3
m3
′m3

(Pp3) .

(16)
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|~P, mJ ; k1, k2, L,S , J, (L, S , J)2〉 =

N1

∑∫
dk̂1dk̂2|~p1, m1;~p2, m2;~p3,m3〉YLmL

(k̂1)YL2mL2
(k̂2)

〈1
2

1

2
m̃2m̃3|S2mS2〉〈S2L2mS2mL2 |J2mJ2〉〈

1

2
J2m̃1m̃J2 |SmS〉

〈SLmSmL|JmJ〉D
1
2
m1
′m1

(Pp1)D
1
2
m2
′m2

(Pp2)D
1
2
m3
′m3

(Pp3) . (17)

Âåêòîðû |~P, mJ ; k1, k2, L, S , J, (L,S , J)2〉 ïî ñâîèì ñâîéñòâàì
ïîëíîñòüþ àíàëîãè÷íû âåêòîðàì ñâîáîäíîé ÷àñòèöû ñ
èìïóëüñîì ~P è ñïèíîì ~J. Â ÷àñòíîñòè, ïîä äåéñòâèåì
îïåðàòîðà U(Λ) îíè âåäóò ñåáÿ êàê âåêòîðû ñâîáîäíîé ÷àñòèöû:

|~P, mJ ; k1, k2, L,S , J, (L, S , J)2〉 =

=
∑
mJ

|Λ~P,m′
J ; k1, k2, L,S , J, (L, S , J)2〉DJ

m′JmJ
(ΛP, P) . (18)
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Âîëíîâóþ ôóíêöèþ ñèñòåìû òðåõ âçàèìîäåéñòâóþùèõ ÷àñòèö
ìîæíî çàïèñàòü â âèäå:

〈~P, mJ ; k1, k2, L, S , J, (L,S , J)2|~pc , µc〉 =

Nc δ(~P − ~pc)δmJmc ϕ
J
γ(k1, k2) , (19)

ãäå γ ≡ {L, S , (L, S , J)2}, Nc - íîðìèðîâî÷íûé ìíîæèòåëü.
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Íóêëîí â ñîñòàâíîé êâàðêîâîé ìîäåëè

V (r) =

∫
ρ(~r −~r ′)V (r ′)d~r ′, ρ(~r −~r ′) =

σ3

π
3
2

exp[σ2(~r −~r ′)2] ,

(20)

V (r) = −
3∑

k=1

4αk

3r
erf(

√
ν2
kσ2

ν2
k + σ2

r) + ηr [
exp(−σ2r2)√

πσr
+

(1 +
1

σ2r2
)erf(σr)] + Λ− 32σ3(~Si

~Sj)

9
√

πm2
exp(−σ2r2)

3∑

k=1

αkerf(νk r).

(21)
α1 = 0.432; α2 = 0.131; α3 = 0.117 ,

ν1 = 0.651GeV2; ν2 = 187.140GeV2; ν3 = 5.456GeV2 .
(22)
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Âîëíîâûå ôóíêöèè

λ = 〈ψ′c |M̂I |ψc〉 = 〈ψ′c |M̂0|ψc〉+ 〈ψ′c |V̂ |ψc〉 . (23)
〈ψ′c |M̂0|ψc〉 =

N2
c Σ

∫
k2
1k2

2dk1dk2

∣∣∣ϕJc
γ (k1, k2)

∣∣∣
2
[√

k2
1 + 4(k2

2 + m2) +
√

k2
1 + m2

]
.

(24)
〈ψc |V |ψc〉 =

∫
x2
1dx1 x2

2dx2

∣∣∣ϕJc
γ (x1, x2)

∣∣∣
2
V (x2) . (25)

Â êà÷åñòâå ïðîáíûõ ôóíêöèé áóäåì èñïîëüçîâàòü ñëåäóþùèé
íàáîð:

ϕJc
γ l(x1, x2) = exp[ξl(x

2
1 + x2

2 )]x1x2, ξl = β + ρ(l − 1) . (26)

ϕJc
γ (k1, k2) =

∑

l

Clϕ
Jc
γ,l(k1, k2) . (27)
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〈ϕ′l |M̂0|ϕl〉 =

(

√
ξl

√
ξ′le

m2

8
( 1

ξl+ξ′
l
)
m2π

5
2 K1(

m2

8 ( 1
ξl+ξ′l

))

8(ξl + ξ′l)2
√

1
ξl

+ 1
ξ′l

)+(
1

512
[16π

3
2 (

(ξl + ξ′l)
2m4

4ξ2
l ξ
′2
l

−

−3(ξl + ξ′l)m
2

ξlξ
′
l

+15)+
√

2e
− (ξl+ξ′l )m

2

4ξl ξ
′
l π(

√
(ξl + ξ′l)m2

ξlξ
′
l

(
(ξl + ξ′l)m

2

2ξlξ
′
l

−15)+

+e
(ξl+ξ′l )m

2

4ξl ξ
′
l (

(ξl + ξ′l)
2m4

4ξ2
l ξ
′2
l

−3(ξl + ξ′l )m
2

ξlξ
′
l

+15)
√

πerf(
1

2

√
(ξl + ξ′l )m2

ξlξ
′
l

))+

+
1√

− (ξl+ξ′l )m
2

4ξlξ
′
l

(3
√

2e
− (ξl+ξ′l )m

2

4ξl ξ
′
l

√
(ξl + ξ′l )m2

ξlξ
′
l

(

√
−(ξl + ξ′l )m2

ξlξ
′
l

(ξl + ξ′l )
2m4

4ξ2
l ξ
′2
l

− 3(ξl + ξ′l )m
2

ξlξ
′
l

+ 15)
√

πerf(
1

2

√
−(ξl + ξ′l )m2

ξlξ
′
l

))] ,

(28)
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〈ϕ′l |V̂ |ϕl〉 =

√
π

4(ξl + ξ′l)
3
2

(−4

3

3∑

k=1

τkαk

2(ξl + ξ′l )
√

τk + ξl + ξ′l
+

1

4
(

σ(2σ2 + 3ξl + 3ξ′l )η

(ξl + ξ′l)
7
2 (

σ2+ξl+ξ′l
ξl+ξ′l

)
3
2

+

+
21−σ2

ση

(ξl + ξ′l )
√

σ2 + ξl + ξ′l
+

η

σ(σ2 + ξl + ξ′l )
3
2

+

√
πΛ

(ξl + ξ′l)
3
2

)−32(~Si
~Sj)σ

2

9m2
√

π

3∑

k=1

tan−1(
νk√

σ2+ξl+ξ′
l

)

(σ2+ξl+ξ′l )
3
2

+ νk

(σ2+ξl+ξ′l )(σ
2+ν2

k+ξl+ξ′l )

2
√

π
) , (29)

ãäå erf(x) � ôóíêöèÿ îøèáîê, τk =
√

σ2ν2
k/(σ2 + ν2

k ).
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Â òàáëèöå 1 â êà÷åñòâå ïðèìåðà ïðèâåäåíû çíà÷åíèÿ
êîýôôèöèåíòîâ Cl ïðè ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà ïðîáíîé
ôóíêöèè β.

Òàáëèöà: Çíà÷åíèÿ êîýôôèöèåíòîâ â âûðàæåíèè (26) ïðè σ = 1.

Ci β = 1 β = 0.8 β = 1.2

C1 -5.58716 -1.7563 -11.5321
C2 92.9943 31.781 208.678
C3 -894.446 -304.483 -1999.27
C4 5039.8 1683.02 11050.9
C5 -17430.7 -5700.57 -37430.7
C6 38050.4 12203 80126.7
C7 -52527.7 -16552. -108682.
C8 44423.3 13780.3 90483.2
C9 -20988.9 -6420.47 -42157.7
C10 4240.79 1281.13 8412.09
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Ïðîâåäåì ñðàâíåíèå âîëíîâûõ ôóíêöèé ñ ðàçëè÷íûì ÷èñëîì
ñëàãàåìûõ â (26). Äëÿ ýòîãî ââåäåì âåëè÷èíó θ(l , m),
õàðàêòåðèçóþùóþ ðàçëè÷èå ôóíêöèé:

θ(l , m) =

∫
dk1dk2(ϕ

Jc
γ (k1, k2; l)− ϕJc

γ (k1, k2; m))2, (30)

ãäå l , m - ÷èñëî ñëàãàåìûõ â âîëíîâîé ôóíêöèè. Äëÿ
l = 6,m = 10 ïðè β = 1 è σ = 1 çíà÷åíèå θ(6, 10) = 0.00256476,
÷òî ãîâîðèò î òîì, ÷òî äàííàÿ âàðèàöèîííàÿ ïðîöåäóðà õîðîøî
âîññòàíàâëèâàåò âîëíîâóþ ôóíêöèþ ïðè ìàëîì ÷èñëå
âàðèàöèîííûõ ïàðàìåòðîâ.
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Çàêëþ÷åíèå

Â ðàáîòå ðàçâèò âàðèàöèîííûé ìåòîä äëÿ ñëó÷àÿ
ðåëÿòèâèñòñêèõ òðåõ÷àñòè÷íûõ ñîñòàâíûõ ñèñòåì. Ïðîöåäóðà
ðåàëèçîâàíà â ïàêåòå ñèìâîëüíûõ âû÷èñëåíèé Mathematica. Â
êà÷åñòâå ïðèìåðà ïðîèçâåäåíî âû÷èñëåíèå âîëíîâûõ ôóíêöèé
íóêëîíà â ðåëÿòèâèñòñêîé ìîäåëè ñîñòàâíûõ êâàðêîâ.
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